
Normal distribution  2( , )Nξ µ σ=  : 
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Def. An   nR -valued random variable  1( ,..., )
n

ξ ξ ξ=     is Gaussian (or Multivariate Normale) if 

every linear combination  1 1 ...
n n

α ξ α ξ+ +   has a one dimensional Normal distribution. 

ξ  is an nR -valued Gaussian random variable if and only if its characteristics function has the 

form 
( ) e x p ( , , / 2 )t i t t Q tξϕ µ= < > − < >

 where and  Q is an n n×  symmetric 

nonnegative   semi-definite matrix (Q is then covariance matrix of  ξ  and µ  is the mean of ξ ). 
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Student’s  t-distribution   
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n
χ  -chi-square   distribution with 
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χ ξ ξ= + + ,    1 2 ...
n

ξ ξ ξ
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Nξ   1,...,i n=             

Chebyshev’s inequality    2{| | } ( ) /P a Var aξ µ ξ− ≥ ≤  

Convergence      :
P

n
ξ ξ→     (| | ) 0

n

n
P ξ ξ ε →∞− > →   0ε∀ >    

( | ( ) ( )) 1
n

P ω ξ ω ξ ω∈Ω → =     
. .

:
a s

n
ξ ξ→)    almost sure     ( 

Def.   A sequence 1,..., ,...
n

ξ ξ   of  random variables is said to converge in distribution, 

or converge weakly, or converge in law to a random variable  ξ   (
w d

n
ξ ξ−→ ) 

  if  ( ) ( )
n

n
F x F xξ ξ

→∞→  for every number  x R∈   at which  ( )F xξ    is continuous.  
w

n
ξ ξ→  if 

and only if   [ ( )] [ ( )]
n

n
E g E gξ ξ→   for all continuous bounded functions g . 

Central Limit Theorem (CLT)   
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1,..., ,...
n

ξ ξ -i.i.d. (independent identical distributed)  [ ]Eµ ξ= ,   2 [ ]Varσ ξ= . 

(Strong) Law of Large Numbers  Let 1,..., ,...
n

ξ ξ -i.i.d., then     ( . .)

1( ... ) /
a s P

n
nξ ξ µ−+ + → . 

Borel-Cantelli lemma:   1.  
1

( )n

n

P A
∞

=

< ∞∑      then         ( . .) 0
n

P A i o− =   
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n
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Transformations:  1( ,..., )
n

x x x=         1( ,..., )
n

y y y=      , 1, ...,i n=   1( ,..., )
i i n

y g x x=     ,
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Change of variables  in a Lebesgue Integral 
1

( )

( ( )) ( ) ( ) ( )
AA

g dP g x dP xξ

ξ

ξ ω ω
−

=∫ ∫  

Conditional expectation   Let   [ ]E ξ < ∞ ,  ˆ [ |Eξ ξ= A]    if    ˆ( ) ( ) ( ) ( )
A A

dP dPξ ω ω ξ ω ω=∫ ∫  for 

all   A∈A , where ξ̂  is A -measurable 

Martingales   Let 
1 2

...F F⊆ ⊆ ,   
n

ξ  be a   
n

F -measurable .     
1

( , )
n n n

Fξ ≥  is a (sub)martingale  if 

1
( | ) ( )

n n n
E Fξ ξ+ = ≥ .                               

Doob's martingale convergence theorem    Let    
1

( , )
n n n

Fξ ≥   be  a submartingale ,    

 
1

sup ( )
n n

E ξ +
≥ < ∞ . Then   lim

n
ξ ξ∃ = ,   | |ξ < ∞   a.s.  

Levi’s martingale convergence theorem   Let    [| |]E η < ∞ ,   [ |
n n

E Fξ η= ],   
1

( )
n

n
F Fσ∞ ≥

= ∪ .      

Then   lim
n

ξ ξ∞∃ = ,   [ |E Fξ η
∞ ∞= ] . 

Reversed Martingales   Let   [ |
n m m

E Fξ ξ− − −]= ,   
m n

F F− −⊆    for 0 n m≤ ≤ . Then   
n

ξ    

converge a.s. and in 1L   to a limit   ξ . 

Kolmogorov’s Trees-Series Theorem  Let  (
n

ξ ) be a sequence of independent random 

variables. Then  nξ∑     converges almost surely if and only if for some (for every  in “only” 

part) 

 K>0, the following three  properties hold:     1. (| | )
n

n

P Kξ > < ∞∑         2.   ( )K

n

n

E ξ∑   

converges     3.   ( )K

n

n

Var ξ < ∞∑     where   K

n n
ξ ξ=  if  | |
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K

n
ξ =  if | |

n
Kξ >  

Kolmogorov’s zero-one law   Let    
1 2

....A A
⊥ ⊥

,       1
1

( , ,...)
n n

n
G A Aσ +≥
= ∩ ,     A G∈ .  Then  

P(A)=0 or 1. 

 

Brownian motion  Def.1.  G is a centered Gaussian process if  
1

( ( ),..., ( ))
n

G t G t       is a centered 

Normal random variable in 
nR  for all   

1
0 ...

n
t t≤ < < . 

     ( , ) [ ( ), ( )]Q s t E G s G t=   - covariance function of G. 

Def.2.   The Wiener process (Brownian motion)  W (t)  is characterized by three properties  

         1. W(0)=0,                         2. 
1

0 ...
n

t t≤ < <        (W(t) has independent increments)   

         3.    (for 0 ≤ s < t).  

    W(t) is a  Brownian motion   if and only if  W is a centered Gaussian with ( , ) min( , )Q s t s t= . 

  ( ) / ~ ( )W ct c W t  -scaling properties 


