Normal distribution &= N(u,0%) : fée (x) = g (T | (N27mo) ,
. _ 1 ¢ /2
El&l]l=u Var(&) = o? , (1) :exp(l,ut—0'2t2/2), CD(X)—EJ;(E " dy
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Def. An R"-valued random variable &=(&,...,¢ ) is Gaussian (or Multivariate Normale) if
every linear combination ¢, & +...+,&, has a one dimensional Normal distribution.

¢ is an R"-valued Gaussian random variable if and only if its characteristics function has the

form (1) =expli<i,pu>—<1,01>/2) ypoe and Q is an nxn symmetric

nonnegative semi-definite matrix (Q is then covariance matrix of & and g is the mean of &).

COV(é:’ 77) = E[(é:_E[é:])(ﬂ_E[ﬂ])] p(g,n) — COV(g, 77)

WVar(&)Var(i)
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Characteristics function ¢, . (1,....,1,) = E[¢"" 1= I I e dpP. . (x,..,x,)

Student’s t-distribution ¢ = 6 , where &~ N(0,1), y. -chi-square distribution with

NZ 1
1 1 1 1
ndegrees of freedom, & y2, . =& +.+&E, & & .. &, E~NO]I) i=l..n
Chebyshev’s inequality P{| & — u|>a} <Var(&)/ a’
Convergence ¢ —C—&: P& -El>e)—2250 Ve>0
(almost sure) ¢ —=—¢&: PweQlé () > &(w)=1

Def. A sequence & ,....¢ ,... of random variables is said to converge in distribution,

or converge weakly, or converge in law to a random variable & (& —4—¢)

if F, (x)—"*—F.(x) for every number xe R at which F,(x) iscontinuous. & ——¢ if

andonly if E[g(& )]—— E[g(&)] for all continuous bounded functions g .

Central Limit Theorem (CLT)

P{é +.+& —nu
oNn

&, & ... -ii.d. (independent identical distributed) u = E[¢], o =Var[£].

1 ¢
SX}—)CD(X)=ﬁJ.ey/2dyn — o, where

(Strong) Law of Large Numbers Let &,....¢ ,...-ii.d., then (& +..+& )/ n—22L 5

Borel-Cantelli lemma: 1. ZP(AH) <o then P(A —io.)=0

n=1
0 1 1
2. Y P(A)=o , A A, .., then P(A -io)=1
n=1

(A, i.o.- infinitely often) {weQl#{nzl:we A, } =00}

Transformations: x=(x,...,x,) y=0peny,) » i=l.,n ¥ =8x,..,x,) ,

,,,,,,,,,,



J0J,(»=1, X=(X,,...X,) rv, ¥ =g,(X,,...X,), then

...............

Change of variables in a Lebesgue Integral J. g(&(w))dP(w) = I g(x)dP;(x)
&) A

Conditional expectation Let FE[S]< o, 92 =E[S1] if jf(a))dP(a)) = jf(a))dP(a)) for
A A

all Aef?, where rf is 2 -measurable
Martingales Let F,c F,c.., & bea F, -measurable. (& ,F)), ., isa(sub)martingale if

E(S,. 1 F)=(2)s,.

Doob's martingale convergence theorem Let (& ,F,),., be asubmartingale,
sup,., E(&")<o.Then I&=1im¢&,, &k as.
Levi’s martingale convergence theorem Let E[lnll<w, & =E[nlF,], F,k = 0'(nL>Jl F).
Then 3£, =lim&, & =E[nlF,].
Reversed Martingales Let E[¢ |F |1=¢&6,, F, cF, for0<n<m.Then ¢&

converge a.s. and in L' to alimit &.
Kolmogorov’s Trees-Series Theorem Let (£ ) be a sequence of independent random

variables. Then Z & converges almost surely if and only if for some (for every in “only”

part)
K>0, the following three properties hold: 1. z P& I>K)<o 2. Z E(EF)

converges 3. Y Var(éf)<oo where & =¢ if 1 IKK, & =0iflE 5K

L 1
Kolmogorov’s zero-one law Let A A, ..., G= an O'(An ) An+1, ) AeG. Then
P(A)=0 or 1.

Brownian motion Def.1. G is a centered Gaussian process if (G(t,),...,G(t,)) is a centered

Normal random variable in R" forall 0<7 <...<t .
0O(s,t) = E[G(5),G(t)] - covariance function of G.
Def.2. The Wiener process (Brownian motion) W(t) is characterized by three properties
1. W(0)=0, 2.0t <...<t, (W(t) has independent increments)
3. Wi — Wy ~ M(U! t— s) (for0<s<1).

W(t) is a Brownian motion if and only if W is a centered Gaussian with Q(s,t) = min(s,?).

W(Cl‘)/\/_ ~W(t) -scaling properties



